Abstract-We present a new profile for the electrodes forming the radial transmission line of a switched oscillator (SWO). The profile is formed using a curvilinear orthogonal space based on a specific 2-D transformation called logarithmic-tangent. The proposed profile results in an optimal distribution of the electric field, with a peak amplitude occurring on the axis of symmetry of the SWO, and a smooth, monotonic decrease in amplitude, as we move away from the discharge point toward the coaxial transmission line. In addition, the proposed profile assures a smooth continuity at the junction of the radial transmission linecoaxial line. Numerical simulation results on the electrostatic field distribution in the SWO are presented and discussed.
I. INTRODUCTION

B
AUM in [1] proposed that a switched oscillator (SWO) is a mesoband radiating system. The system consists of a dc-charged low-impedance coaxial transmission line that is discharged at one end by a spark gap and is connected at the other end to a high impedance antenna. During the charging phase, the capacitor formed by the SWO is slowly charged until breakdown occurs at the pressurized spark gap end. The produced wave propagates toward the antenna. Because of the mismatch between the coaxial transmission line and the antenna, only part of the energy is radiated; most of the energy is reflected back to the spark gap, where the wave is rereflected, with reverse sign, by the low-impedance arc. This reflection pattern produces a damped sinusoidlike signal with a central frequency of ∼f = ν p / 4L, where L is the length of the line and ν p is the wave propagation velocity.
The overall geometry of an SWO is shown in Fig. 1 . Notice that the electrodes of the spark gap form a radial transmission line (RTL). This progressively becomes a low-impedance coaxial transmission line that is further connected to the antenna. The electrostatic field distribution of the structure (before the discharge) should guarantee the occurrence of a fast discharge between the electrodes, on the symmetry axis of the SWO. Therefore, the geometry must maximize the electric field at the discharge point and prevent field enhancements or distortions that could lead to the occurrence of discharges in other points of the geometry.
We propose in this paper a new profile for the electrodes forming the RTL of an SWO. The profile is formed using a curvilinear orthogonal space, generated from a 2-D transformation, called logarithmic-tangent (Log-Tan), proposed in [2] . The advantage of this profile is that it assures that the maximum amplitude of the electric field occurs on the axis of symmetry, whereas the field intensity decreases as we move away from the discharge point toward the coaxial transmission line. More importantly, the proposed profile assures a smooth continuity at the junction of the RTL-coaxial line.
This paper is organized as follows. In Section II, we present the background of this paper. Section III presents the conditions to ensure an optimal distribution of the field in the SWO. Section IV presents the method to generate a curvilinear coordinate space starting from a conformal transformation. The Log-Tan coordinate system and its inverse function are presented in Sections V and VI, respectively. Section VII presents the proposed set of SWO electrodes using the LogTan transformation. The calculation of the electrodes profile is described in Section VIII. Simulation results for the obtained 0093-3813 © 2013 IEEE electrostatic field distribution are presented and discussed in Section IX. Finally, conclusion is presented in Section X.
II. BACKGROUND
Assuming isotropic and time invariant conditions, the electrostatic field distribution between the electrodes of a gas spark gap depends mainly on the shape of the metallic surface of the electrodes. The occurrence of dielectric breakdown depends on many factors such as gas density, distance between electrodes, electric field intensity and roughness of the metallic surface. The choice on the profile of the electrodes permits, for example, to control the occurrence of field enhancements in specific regions.
Rogowski [3] , Ernst [4] , and Bruce [5] profiles are mostly relied on by the design of electrodes for spark gaps used in applications such as Marx generators and ultrawide band pulses, which are intended to produce a uniform field distribution in a defined volume of the interelectrodic space. These profiles improve the repeatability of the discharge and distribute the point of origin of the arc homogeneously on the surface of the electrodes, assuring a uniform wearing of the metallic surface. In general, in such applications the size of the electrodes is much smaller than the smallest wavelength of the discharge pulse; therefore, transmission line effects can be neglected.
In the case of an SWO, the situation is quite different. To prevent distortion of the signal transmitted to the antenna, the discharge should be produced exactly on the axis of symmetry of the SWO so that all the points on the wavefront originated at the discharge point would get simultaneously to the antenna.
Giri et al. [6] discussed the problem of the distribution of the electrostatic field in an SWO Armanious et al. [7] proposed a more detailed discussion and design technique, where the profile of the RTL varies linearly toward the coaxial. The transition or bend between the RTL and coaxial is designed in [7] using an iterative method, based on the equivalent charge distribution principle. The formed geometry produces an electric field that is maximum on the axis of symmetry and decreases as one moves toward the coaxial line. The electric field however, exhibits an undershoot in the bend region. This can be reduced by increasing the number of iterations, but, by doing so, the rate of decreasing of the electric field is also changed.
We propose in this paper a new set of electrodes that maximizes the electric field on the axis and additionally generates a field distribution that smoothly and monotonically decreases as we move away from the axis.
III. CONDITIONS FOR THE DESIRED ELECTROSTATIC DISTRIBUTION IN AN SWO
The probability of producing breakdown on the axis of symmetry maximizes if the magnitude of the electrostatic field at the time of occurrence of the discharge is maximum at the axis of symmetry of the SWO between the electrodes. The conditions necessary to produce the desired field distribution can be stated as follows.
1) The distance between the electrodes should be minimum at the axis of symmetry.
2) The distance between the electrodes should monotonically increase as one moves toward the coaxial line.
3) The profile of the electrodes as well as its first space derivative should be continuous.
On the other hand, the interelectrodic distance at the axis (d gap ) and the crosssectional dimensions of the coaxial transmission line r i , r o (as shown in Fig. 1 ) are generally specific requirements of the design and must be included in the analysis as two additional conditions.
4) The distance between the electrodes at the axis of symmetry should be d gap .
5) At the junction point between the electrodes and the coaxial transmission line, the profile of the electrodes should coincide with the inner and outer radii of the coaxial transmission line r o , r i .
Notice that, by definition d gap < r o − r i, a set of curves fulfilling these conditions can be formed using an orthogonal curvilinear space based on the conformal Log-Tan transformation proposed in [2] .
IV. METHOD FOR GENERATING A CURVILINEAR COORDINATE SPACE FROM CONFORMAL TRANSFORMATIONS
The method of generating a curvilinear space starting from a conformal transformation was proposed in [8] . The method consists basically of performing a conformal transformation from the W -plane to the Z -plane. The orthogonal curved lines produced on the Z -plane can be regarded as a 2-D curvilinear coordinate system, which can be either translated or rotated to generate a 3-D coordinate system. The procedure can be summarized as follows.
The transformation from the W to Z complex planes is
where f is an analytical function, W and Z are complex planes
As the angles are preserved by the transformation, the function f maps the rectangular grid defined by the lines u = const and ν = const in the W plane into an orthogonal curvilinear grid in the Z plane.
The parametric form of this new set of orthogonal curves can be obtained from the real and imaginary parts of (1) as
The resulting curvilinear grid can be used to generate new coordinate systems. For example, if the Z plane is extruded in a perpendicular direction, a cylindrical coordinate system (u, ν, w) can be obtained, where the relationship with the Cartesian coordinates is
If, on the other hand, the Z -plane is rotated around the original y axis, we obtain a rotational coordinate system (u, ν, w). The new relationships with the Cartesian coordinates are given by
A similar procedure can be applied if the map is rotated around the x axis.
In this new coordinate system, the infinitesimal arc length element can be calculated as [2] 
where the metric coefficients g ii are defined as
The metric coefficients permit, for example, to calculate the infinitesimal arc lengths along a coordinate axes u, ν or w as follows:
The conformal transformation generating the Log-Tan coordinate system is
where
u and ν are defined in the domain as follows:
while x , y are defined in
where a > 0 is a constant. Notice that the apostrophe indicates that x , y are auxiliary variables and not the final x, y coordinates of the space.
The real and imaginary parts of (9) can be separated and the rectangular coordinates can be calculated in terms of u, ν and a as follows:
The 3-D space system (u, ν, w) can be generated by rotating the x , y plane around the y axis. We can find the relationships between the rotational curvilinear space and the Cartesian space using (5) as follows:
For the sake of simplicity, we will work on the x − z plane (w = 0).
The x − z equations represent two perpendicular sets of parametric curves. The first set (called here the ν-set) can be generated using u as parameter and ν as a constant. The second set (called the u-set) uses ν as parameter, whereas u is held constant. Fig. 2 shows some examples of this family of curves. Notice that if 0 < u < π/2, only the bottom half of the space (−a < z < 0) is generated.
VI. INVERSE FUNCTION OF THE LOG-TAN TRANSFORMATION
At this point it is convenient to express u and ν as a function of x and y. 1 The inverse of the original transformation (9) is
We need to separate the right side of (18) into real and imaginary parts. This can be done by considering the following identity [9] :
The problem now consists in finding
Applying the de Moivre's formula to the exponential term and simplifying leads to
from which α and β can be obtained as follows:
Replacing this into (19) permits to find the expressions for u and ν in terms of x and y as follows:
VII. ELECTRODES FOR THE SWO USING THE LOG-TAN TRANSFORMATION
The electrodes of the SWO can be formed by taking a pair of curves belonging to the ν-set. The coaxial line section can be connected at the extremities of the curves at the points where u = 0, u = π/ 2 (the horizontal axis z = 0).
The parameters of the curves are ν = ν 1 and ν = ν 2 with the parameter 0 < u < π/ 2. Note that if a constant difference of potential is applied between the surfaces ν 1 and ν 2 , the formed potential lines will be conformal to the ν-set and the electric field stream lines will be conformal to the u-set [10] . Note also that, on the x-axis, the electric field stream lines are parallel to the x axis coinciding with the direction of the stream lines inside the coaxial line (which are radial).
The choice of this coordinate system is justified by the fact that the curves belonging to the ν-set fulfill the Conditions 1, 2, and 3, as follows.
Conditions 1 and 2: By simple inspection of Fig. 2 it can be concluded that the distance between any pair of curves belonging to v-set is minimum on the axis of symmetry (y-axis, u = π/4) and increases as we move away from the axis of symmetry (u−>π/ 2, u−>0). This can be demonstrated by calculating the length of an arc u = constant between ν 1 and ν 2 . From (8) this reads
The metric coefficient g 22 is given by
Replacing (26) into (25) yields the following: This integral can be expressed as
where F(ϕ, k) is the incomplete elliptic integral of the first kind as follows:
For a fixed ν, (28) minimizes at u = π/ 4 (the symmetry axis) and increases monotonically as u moves toward either 0 or π/ 2, see for example [9] (page 593). We show this in Fig. 3 , where a contour plot of the function defined by (28) is presented. On this graph, ν 1 = 0, a = 1, and 0 < ν < π/8. As it can be seen, the arc length decreases as the variable u approaches π/ 4.
Condition 3:
The full derivative of (9) is
This is continuous for all W except for W = 0. Note that at the points u = π/ 2, u = 0, the derivative of the ν-set is infinite, which corresponds to a vertical line. The coaxial transmission line is connected at this point assuring the continuity of the derivative of the profile.
We will demonstrate in the next section how to integrate the parameters of the design, i.e., Conditions 4 and 5, in the calculation of the profiles.
VIII. CALCULATION OF THE SURFACES
The procedure that will be presented in this section aims at finding the values of the parameters ν 1 , ν 2 , and a, defining the profiles of the electrodes and satisfying Conditions 4 and 5.
Condition 4:
The distance between the curves at u = π/4 (the axis of symmetry) should be equal to d gap . Using the arc length expression (27), this can be calculated as
Condition 5: The RTL is connected to the coaxial line on the x-axis, z = 0. On this axis, the curvilinear coordinates are (u = π/2, ν = ν 1 ) and (u = π/2, ν = ν 2 ), whereas the rectangular coordinates are (x 1 = r i , z = 0), (x 2 = r 0 , z = 0), r i , r o being the inner and outer radii of the coaxial transmission line, and x 1 , x 2 are points belonging to the ν 1 and ν 2 curves, respectively.
Using (10), this can be calculated as
Inserting (33) and (34) .
This last equation can be numerically solved, and the value of the constant a can be found. Afterward, the value of the constants ν 1 and ν 2 can be calculated using (33) and (34).
Notice from (36) that this methodology of design allows the use of three degrees of freedom, meaning that the gap distance and the inner and outer radii of the coaxial line can be independently chosen as required by the designer. This fulfills Conditions 4 and 5.
As an example, consider the following case. Let us assume that the interelectrodic space in a certain SWO is specified as d gap = 0.5 mm and the geometrical parameters of the coaxial transmission line are r o = 15 mm and r i = 14 mm (corresponding to an impedance Z coax = 4 ). Solving (36) and then (33) and (34), we can calculate the constants defining the profiles, which are as follows: 
IX. ELECTROSTATIC SIMULATION
The geometry of the considered example was simulated using the electrostatic 2-D axis symmetrical mode in Comsol. A potential difference of 1 V was applied between the electrodes. The boundary conditions of the geometry and the resulting electric field distribution are presented in Fig. 5 . As it can be seen, the electric field is maximum on the axis of symmetry. The isopotential lines and the electric field streamlines are shown in Fig. 6 . As expected, the electric field stream lines are conformal to the u-set and the isopotential lines are conformal to the ν-set. It can be seen that the stream lines are parallel to the y-axis on the axis of symmetry and parallel to the x-axis at the connection point between the coaxial and the RTL. A more detailed plot of the electric field is shown in Fig. 7 . The electric field was computed along a third curve (ν 3 ) lying in the midplane between the electrodes. On the axis of Fig. 7 . Magnitude of the electric field versus distance from the discharge point. The electric field was measured along a v-curve equidistant from the electrodes at the discharge point to the coaxial line region. The point 0 on the horizontal axis corresponds to the axis of symmetry. Notice that the electric field decreases smoothly. symmetry, the distance between ν 3 and ν 1 is d gap / 2. In the region where the coaxial line begins, the distance between ν 3 and ν 1 is (r o − r i ) / 2. As it can be seen from this figure, the magnitude of the simulated electric field is maximum on the axis of symmetry and decreases smoothly and monotonically without field enhancements or disturbances up to reaching the coaxial transmission line.
The simulated electric field at the discharge point is E d = 2000 V/m, which corresponds exactly to the electric field in a uniform gap.
The simulated electric field at the midpoint between the conductors of the coaxial is 1000 V/m. This is in agreement with the theoretical value.
X. CONCLUSION
A new profile for the electrodes forming the RTL of a SWO was presented. The profile is formed using a set of conformal curves generated using a specific 2-D transformation called Log-Tan. We have shown that the proposed profile results in a favorable distribution of the electrostatic field, with peak amplitude occurring on the axis of symmetry of the SWO, and a smooth monotonic decrease as we move away from the discharge point toward the coaxial transmission line. In addition, we demonstrated that the proposed profile guarantees a smooth continuity at the junction of the RTL-coaxial line. The proposed profile was illustrated through an application example for which numerical simulations on the resulting distributions of the electric field and potential obtained using Comsol were presented and discussed.
The electrodynamic behavior of the RTL formed by the electrodes and effects of the RTL on the overall performance of the SWO will be studied in a further publication.
